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The electronic structure of the inorganic nanotubular phase Na2V3O7 has been studied bymeans of first-principles DFT
calculations. The magnetic behavior in this system is relatively complex to study because there are as many as
30 different exchange interactions in the unit cell. The coupling constants are computed directly from the energy
differences of several spin configurations. It is found that because of the special geometry of the nanotube, the nearest-
neighbor coupling constants are not the only important ones and other next-nearest-neighbor constants cannot be
neglected. In contrast with previous studies, it is found that at least 12 different coupling constants must be considered
to correctly describe the spin arrangement in this system. However, to get more meaningful values for the smaller
constants, a larger set of at least 17 constants must be explicitly taken into account. The lowest-energy collinear spin
configuration is found to exhibit ferromagnetic coupling between the rings of the nanotube, whereas the coupling can
be ferro- or antiferromagnetic within those rings. This leads to two important spin-frustrated interactions. Use of the so-
called dimer approximation (i.e., substituting 16 paramagnetic V(IV) ions of the nanotube by 16 diamagnetic Ti(IV) ions,
thus keeping the total charge of the system constant and leaving only two magnetic centers) is found to give invaluable
hints concerning the nature of the magnetic interactions. This procedure may be helpful to analyze the magnetic
properties of similar non-trivial systems with many paramagnetic centers.

Introduction

Na2V3O7
1 is a remarkable material at the crossroads of

two of the more challenging streams in modern materials
science: nanoscience and low-dimensional magnetism.
Although inorganic nanotubes had been known for some
time,2 Na2V3O7 was the first transition-metal-oxide based
nanotubular system to be described. Since the vanadium
atoms are in a d1 configuration, the study of the magnetic
behavior of such an array of S = 1/2 centers is very
appealing. As it is well-known,3,4 many low-dimensional
quantum spin systems exhibit an unconventional behavior.
For instance, both theoretical predictions and experimental
studies concerning one-dimensional spin arrays like spin-
ladders have uncovered hand-in-hand the unexpected and

unusual properties of such systems. The number of legs (n) of
the ladder largely determines their physical behavior. A spin
S = 1/2 ladder with antiferromagnetic (AF) interactions is
expected to exhibit a gap in the spin excitations spectrum if it
has an even number of legs. However, no gap is expected if
the number of legs is odd. In addition, it has been proposed
that the short-range AF spin correlations should lead to
superconductivity when a small number of carriers are doped
into even leg ladders. The experimental observation of
gapped and gapless ground states for SrCu2O3 (n = 2) and
Sr2Cu3O5 (n = 3),5 respectively, have been taken as experi-
mental realizations of the first prediction. The raising of
superconductivity under high pressure in (Sr, Ca)14Cu24-
O41+x (n = 2)6 has been suggested to be a confirmation of
the second. However, even after intense activity there are still
aspects of the spin-ladder behavior which are not yet well
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understood. For instance, it is not completely clear how the
existence of periodic boundary conditions along the rungmay
affect the predictions concerning the spin excitation spectrum.7

Even if a relatively large variety of materials has been
considered, the experimental work concerning spin-ladders
has concentrated on cuprates and vanadates. The synthesis of
Na2V3O7 by Millet and co-workers1 came as an interesting
addition to this literature because this material can be consid-
eredas a spin1/2 ladderwithodd legs andwithperiodicity in the
rung direction so that it is a useful material allowing to test
theoretical predictions. The crystal structure of Na2V3O7 is
schematically shown in Figure 1: it is an hexagonally packed
array of V3O7

2- nanotubes separated by sodium cations that
provide cohesion to the structure. Additional sodium atoms are
found in the channels inside the nanotubes (see a detailed
structural description below). The structural features of this
phase are such that no relevant interaction between magnetic
centersofdifferentnanotubes canoccur (seebelowfor the three-
dimensional electronic structure calculated for this system
which provides further evidence for this fact). Thus, in under-
standing the magnetic behavior of Na2V3O7, one may focus on
a singlenanotube.Thismaterial hasbeen theobjectiveof several
worksmeasuring its optical andmagnetic properties,8-14 and it
turns out that the reported magnetic properties of Na2V3O7 do
not fit with the predictions for odd leg spin-ladders.
The puzzle that this system puts forward has motivated

several theoretical studies of its electronic structure and spin

exchange interactions.15-18 In particular, Whangbo and
Koo15 studied the relative magnitudes of the spin exchange
interactions in the nanotube by means of an extended
H
::
uckel-based spin dimer analysis and concluded that the

magnetic behavior of the system can be described by six
mutually intersecting helical chains. Later, Saha-Dasgupta
et al.16 presented a detailed ab initio microscopic analysis of
the electronic andmagnetic properties of this systembasedon
Density Functional Theory (DFT) band structure calcula-
tions using the linearized-muffin-tin-orbital (LMTO) and the
linear augmented plane wave (LAPW) methods. They de-
rived a model Hamiltonian in a first-principles manner by
means of the downfolding technique and computed the
hopping integrals (tij) for different pairs of V(IV) paramag-
netic centers. According with the computed values of the
hopping integrals, they fitted the experimental magnetic
susceptibility using a Heisenberg Hamiltonian using only
two exchange coupling constants (Jij) within the rings and
neglecting all inter-ring couplings. Large antiferromagnetic
couplings were predicted for edge-sharing, as well as for
corner-sharing, V-V interactions within the ring. More
recently, Mazurenko et al.17 have performed first-principles
calculations of the electronic structure and exchange cou-
plings for this compound by means of the Local Density
ApproximationHubbard parameterU approach (LDA+U).18

These authors took into account the nine exchange coupling
constants between nearest neighbor V(IV) centers and com-
puted them following the first-principles Green function
method.19 They found that the intra-ring exchange couplings
aremainly antiferromagnetic, but the inter-ring couplings are
ferromagnetic andof the sameorder ofmagnitude.This short
overview makes clear that the magnetic behavior of this
nanotubular phase still lacks a firm theoretical understand-
ing. It is our purpose here to reconsider in detail this system to
(a) determine the minimal set of coupling constants which
any model trying to rationalize the experimental measure-
ments must take into account, and (b) provide reliable values
for these coupling constants.
Our experience in the theoretical prediction of exchange

coupling constants for polynuclear compounds,20-25 as
well as for extended systems,26,27 let us claim that the in-
direct evaluation of coupling constants may lead in the best

Figure 1. Projection of the crystal structure of Na2V3O7 along the
c-direction.
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situations to a qualitative agreement with experimental
results. Quantitative results may only be obtained by means
of direct computation of several spin states of the system, at
least one spin state more than the number of coupling
constants to be computed. The most precise methods to
compute coupling constants are the ab initio wave func-
tion-basedmethods that include electron correlation, namely
CASPT2 andDDCI,28-30 but their use is limited tomedium-
size systems with few paramagnetic centers and a small
number of unpaired electrons. Methods based on DFT
combined with the broken-symmetry approximation31 offer
an excellent alternative for the computation of exchange
coupling constants in medium-size polynuclear com-
pounds25,32-36 and the simplest alternative for large-size poly-
nuclear compounds or even for extended systems.26,27,37-39 It
is well-known that LDA overestimates the antiferromagnetic
character of the exchange coupling interactions while the
Generalized Gradient Approximation (GGA), in general,
correctly predicts the nature of the coupling, except for some
cases in which the coupling constants are very small, even if
the antiferromagnetic interactions are somewhat overesti-
mated. The best performance so far is provided by hybrid
functionals, as for example B3LYP, in combination with
Gaussian basis sets, which allows for a very good prediction
of exchange coupling constants. However, its use is limited to
medium-size polynuclear complexes and periodic systems
with a moderate number of paramagnetic centers per unit
cell. For large-size polynuclear complexes and periodic sys-
tems with a large number of paramagnetic centers per repeat
unit, the use ofGGA functionals, in particular that proposed
by Perdew-Burke-Ernzerhof (PBE), together with a numer-
ical basis set provides a good compromise between accuracy
and computational requirements, being usually the only
practical approach to tackle the problem.38-40

In the following we report a theoretical DFT-based study
of the electronic structure and spin exchange interactions in
Na2V3O7 which we believe is the most complete analysis of

the nature of the magnetic interactions in this complex
material. The peculiar structure of this nanotubular system
which possesses 18 V(IV) paramagnetic centers per repeat
unit, and in which the V(IV) ions are not that far from their
next-nearest neighbors (NNN), make us suspect that some
NNN V-V interactions can play an important role in the
magnetic behavior of this system and thus the previous
studies may suffer from this shortcoming. Therefore, we
include a priori in our study the 30 different coupling
constants that can be defined within the unit cell. We believe
that the present study provides a precise evaluation of the
different magnetic interactions inNa2V3O7, thus opening the
way toward a detailed understanding of its electronic struc-
ture and spin exchange interactions, and gives useful hints
concerning the analysis of spin exchange interactions in
nanotubular systems.

Computational Details

The first-principles spin-polarized calculations for
Na2V3O7 and some titanium substituted models (see below)
were carried out using a numerical atomic orbitals DFT
approach,41 which was developed for efficient calculations
in large systems and implemented in the SIESTA code.42-44

We have used the generalized gradient approximation to
DFT and, in particular, the functional of Perdew, Burke,
andErnzerhof.45Only the valence electrons are considered in
the calculation, with the core being replaced by norm-con-
serving scalar relativistic pseudopotentials46 factorized in the
Kleinman-Bylander form.47 Non-linear partial core correc-
tions to describe the exchange and correlations in the core
regionwere used for V and Ti.48We have used a split-valence
triple-ζ basis set including polarization orbitals for V, Ti, and
Oanda split-valencedouble-ζbasis set includingpolarization
orbitals for Na, as obtained with an energy shift of 50meV.49

The energy cutoff of the real space integration mesh was
150 Ry and the Brillouin zone was sampled using a grid of
(2� 2� 3) k-points.50 The experimental crystal structure was
used in all calculations.
Since a detailed description of the computational strategy

used to calculate the exchange coupling constants in poly-
nuclear complexes is outside the scope of this article, we will
limit our discussion here to its most relevant aspects.
Previously, a series of papers devoted to such a purpose have
been published.25,32 The spin Hamiltonian for a general
polynuclear complex without anisotropic terms can be
expressed as

Ĥ ¼ -
X

i>j

JijŜiŜj ð1Þ

where Ŝi and Ŝj are the spin operators of the paramagnetic
centers i and j and the Jij parameters are the exchange
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coupling constants for the different pairwise interactions
between the paramagnetic centers of the compound. For
dinuclear compounds, it has been found that, when using
DFT-based wave functions, reasonable estimates of the
exchange coupling constants can beobtained from the energy
difference between the low spin configuration, ELS (the
traditionally called broken-symmetry solution for symmetric
complexes), and the configuration with the highest spin,EHS,
by means of the following equation

J ¼ ELS-EHS

2S1S2 þ S2
ð2Þ

This solution, which corresponds to the non-projected
approach, usually provides good results because the self-
interaction error, which is present in the commonly used
exchange-correlation functionals, incorporates someamount
of static correlation. As a result, the energy corresponding to
the single-determinant low spin wave function is a good
approximation to that of the low spin state.32b The use of
the alternative spin projected approach, as proposed origin-
ally by Noodlemann,31 usually results in an overestimation
of the calculated J values, specially for complexes with
paramagnetic centers with low Si values as for example S=
1/2 Cu(II) cations.36

For the evaluation of the n different coupling constants
Jij present in a polynuclear complex, we need to carry
out calculations for at least n + 1 different spin distribu-
tions. Thus, solving the system of n equations obtained
from the energy differences we can obtain the n coupling
constants.25 In the case that more than n +1 spin distri-
butions were calculated, a fitting procedure to obtain the
coupling constants must be used.27b However, the sensi-
tivity of the calculated Jij values to the number of spin
distributions employed in the calculation is usually rather
weak.

Results and Discussion

Crystal Structure. As shown in Figure 1, Na2V3O7 is
built from V3O7 nanotubes parallel to the c-direction
which are arranged hexagonally. The inner diameter
of these nanotubes is around 5 Å. Both in between
and inside the nanotubes there are sodium cations.
Using the oxidation states of Na+ and O2- leads to a
d1 configuration for the vanadium atoms, all of which
exhibit a square pyramidal coordination with short
vanadyl bonds (1.63-1.64 Å). Thus the elementary
building blocks of the V3O7 nanotubes are square
pyramidal VO5 units, and the lowest d level of vana-
dium, that is, the orbital bearing the unpaired electron,
is the dxy orbital (1). To analyze the magnetic interac-
tions between these dxy orbitals it is very important
to correctly understand the different types of V-V
interactions in the nanotubes.

Three VO5 square pyramids lead to a triply fusedV3O11

unit by sharing two edges as shown in 2 (2a is is a top
view and 2b a side view). There are three different
vanadium atoms (for simplicity we label as 1, 2, and 3

the corresponding square pyramids in the structural
diagrams) and two different V-V short distances within
these units, 2.905 Å (V1-V2) and 3.062 Å (V2-V3).
Three of these units can be condensed to form a V9O27

ring 3 by sharing two edges per V3O11 triple unit. In such
way a total of three new short V-V short distances of
2.980 Å (V1-V3) are created. Thus, within a ring, all
square pyramids share one edge with each of its nearest
neighbors so that there are a total of nine V-V short
distances (2.905 Å � 3, 3.062 Å � 3 and 2.980 Å � 3).
Note that there are six additional V-V intra-ring inter-
actions between VO5 square pyramids which share
just one oxygen atom. Three of them are of V2-V1
type (3.714 Å) and three of the V2-V3 type (3.574 Å).
Thus there are five different types of short intra-ringV-V
interactions, three associated with edge-sharing and two
with corner-sharing square pyramids. The total number
of short intra-ring V-V interactions per ring is thus 15.

Two V9O27 ring units 3, one of which (3c) may be
obtained from (3a) by the operation of a glide plane
perpendicular to the ring, can be condensed through
corner-sharing of six oxygen atoms as shown in 4,
leading to a V18O48 double ring. Through this process,
12 short inter-ring V-V distances are created. Three are
of the V2-V1 type (3.357 Å), three are of the V3-V2
type (3.371 Å), and six of the V3-V1 type (3.493 � 3 Å
and 3.610� 3 Å). Thus, there are four different types of
short inter-ring V-V interactions all of them associated
with corner-sharing square pyramids. The total number
of short inter-ring V-V interactions per double ring is
thus 12.
The V3O7 nanotube 5 is obtained by successive con-

densation of these double rings through corner sharing of
six oxygen atoms exactly as described for the generation
of 4. To summarize, the repeat unit of the nanotube is thus
a V18O42 block, the number of different short V-V
contacts (d e 3.75 Å) is nine, and the total number of
those short V-V contacts is 42. The nine different short
V-V contacts are those which have been taken into
account in previous theoretical studies.15-17 However,
because of the special topology of the nanotube there are
other V-V interactions that even if they are associated
with longer V-V contacts are crucial in correctly under-
standing themagnetic interactions in this compound. The
total number of different types of V-V interaction per
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repeat unit which may be defined in the nanotube is 30
(vide infra, Figure 3).

Testing the Computational Settings. To test the validity
of our computational settings for this type of systems, we
have computed first the exchange coupling constants for
four molecular hydroxo- and alkoxo-bridged dinuclear
V(IV) compounds using their corresponding crystal
structures as obtained from the Cambridge Structural
Database (CSD) with no further modeling. The results
are collected in Table 1 along with the experimental
values obtained from fitting of themagnetic susceptibility
and the computed values obtained using a different
computational setting.22 Although the GGA functional
(PBE) does not perform as well as the hybrid functional
(B3LYP), the important observation is that it is able to
reproduce the sign of all the coupling constants, that is,
the antiferro- or ferromagnetic nature of the interactions,
and their relative magnitudes.

Dimer Approximation and the Full Set of Coupling
Constants. According to the previous results our compu-
tational settings should be able to reproduce the nature of
the exchange interactions as well as their relative magni-
tude within the V(IV) oxide nanotube. As a first approx-
imation, we have computed separately the 30 different
coupling constants in the unit cell in a way which com-
bines simplicity and precision. This will allow us to
identify the most important coupling constants and, in
the final accurate study, to neglect those that are pre-
dicted to be very small. To obtain each coupling constant,
we substitute 16 out of the 18 paramagnetic V(IV) ions of
the nanotube by 16 diamagnetic Ti(IV) ions, thus keeping
the total charge of the system constant and leaving only 2
magnetic centers, that is, a single dimer in the unit cell,
V2Ti16O42. We have evaluated the coupling constant for
each dimer as the difference between the high-spin (HS)
state (a triplet in this case) and the low-spin (LS) state
(a broken-symmetry or spin-polarized singlet). We have
proceeded like this for each of the 30 coupling constants

within the unit cell. This computational strategy, that is,
the so-called dimer approximation,55 which is based on
the substitution of n - 2 paramagnetic ions by diamag-
netic ones with the same charge, allows a first systematic
approximation to the coupling constants in polynuclear
systems. This scheme has been already used for tri-, tetra-,
and hexanuclear Cu(II) and Ni(II) complexes with great
success21,25,56,57 and to the best of our knowledge is used
here for the first time for an infinite system.
Labeling the different coupling constants in this system

is easier if an unfolded representation of the nanotube is
used. This is shown in Figure 2, where the different square
pyramids are shown as more or less distorted rectangles.
To facilitate the labeling of the different interactions,
when dealing with interactions near the borders of these
unfolded representations, we have added in these draw-
ings a column of rectangles at the borders of these
unfolded nanotubes (i.e., the clearer rectangles). The
darker rectangles are the repeat unit of the nanotube. In
Figure 2 we categorize each vanadium as one of the three
crystallographically different vanadium atoms, using the

Table 1. Experimental and Calculated Coupling Constants (in cm-1) for Four Hydroxo- and Alkoxo-Bridged Dinuclear V(IV) Compounds

compound formulaa Jcalc/PBE Jcalc/B3LYP Jexp ref.

A [(VO)2(OH)2([9]aneN3)2]
2+ -544 -259 -354 51

B [VO(OCH3)(ma)]2 -255 -84 -214 52

C [(VO)2(cit)(Hcit)]3- -674 -293 -424 53

D [(VO)2(Hsabhea)(OCH3)(HOCH3)(acac)] +35.5 +15.4 +10.6 54

aAbbreviations: [9]aneN3 = 1,4,7-triazacyclononane; H4cit = citric acid; H3sabhea = N-salicyclidene-2-[bis(2-hydroxyethyl)amino]ethylamine;
Hacac = 2,4-pentanedione; ma = maltolato anion.

Figure 2. Different vanadium centers in the unfolded representation of
theV3O7 nanotubes (see text): every vanadiumcenter is classified as oneof
the three crystallographically different vanadium atoms of the original
structural report.1

(51) Wieghardt, K.; Bossek, U.; Volckmar, K.; Swiridoff, W.; Weiss, J.
Inorg. Chem. 1984, 23, 1387.

(52) Sun, Y.; Melchior, M.; Summers, D. A.; Thompson, R. C.; Rettig, S.
J.; Orvig, C. Inorg. Chem. 1998, 37, 3119.

(53) Burojevic, S.; Shweky, I.; Bino, A.; Summers, D. A.; Thompson, R.
C. Inorg. Chim. Acta 1996, 251, 75.

(54) Plass, W. Angew. Chem., Int. Ed. Engl. 1996, 35, 627.
(55) The so-called dimer approximation, as used here, was proposed in

reference 56. After completion of our work, a comparative study of different
ways to approximate the magnetic coupling constants has appeared
(Bencini, A.; Totti, F., J. Chem. Theory Comput., 2009, 5, 144.) where this
kind of approximation has been termed the doped cluster approach. All along
our study we keep the original dimer approximation label to refer to it. Note
that some care is neededwhen choosing the appropriate diamagnetic ions used
to substitute the paramagnetic ones (for instance, orbital extension, etc.).

(56) Ruiz, E.; Rodriguez-Fortea, A.; Alemany, P.; Alvarez, S. Polyhedron
2001, 20, 1323.

(57) Ruiz, E.; Cano, J.; Alvarez, S.; Caneschi, A.; Gatteschi, D. J. Am.
Chem. Soc. 2003, 125, 6791.
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same nomenclature as in the original structural report.1

The labeling used for the different magnetic interac-
tions is that illustrated in Figure 3, panels a-d. The JAn
(n= 1-9) interactions are those associated with nearest-
neighbors (NN). The JBn (n = 1-15) interactions are
associated with next-nearest-neighbors (NNN) and can
be separated in two different groups: those associated
with intra-ring interactions (JB1-JB5) and those asso-
ciated with inter-ring interactions (JB6-JB15). Finally,
the interactions denoted as JCn (n= 1-6) are associated
with next-next-nearest-neighbors. Because of the symme-
try within the unit cell, there exists more than one
combination of metallic centers to compute a given
coupling constant.We have calculated all the possibilities
and after checking that the differences among them were
very small, that is, within the error of the calculation, we
have averaged them.58 Table 2 shows the averaged values
for the 30 coupling constants evaluated within the dimer
approximation.
In the following, by using the values obtained from

the dimer approximation as a guide, we will first find
out the set of N largest coupling constants which should
be considered, and then compute the appropriate N+1

spin states of the V18 nanotube. This will allow us to
obtain their values without modeling the system (vide
infra).

HowManyDifferent Coupling Constants Are Needed to
Describe the System? Looking at the results of Table 2,
we observe that the largest coupling constants mostly
coincide with the nine interactions between nearest-
neighbor (NN) V(IV) ions. However, there are some
notable exceptions. For example, JA2, which corre-
sponds to a NN interaction, is predicted to be very small
(1.5 cm-1) whereas JB1, which corresponds to a NNN
interaction, is predicted to be moderately antiferromag-
netic (-63 cm-1). Moreover, other interactions that have
not been considered in the theoretical studies published so
far, as for example the NNN interactions described by
JB3, JB4, and JB5, which also show moderate antiferro-
magnetic behavior, may play an important role in deter-
mining themagnetic properties of the present V(IV) oxide
nanotube. The rest of NNN interactions (JB2, JB6-
JB15) and the next-next-nearest-neighbor (NNNN) inter-
actions (JC2-JC6) are smaller. Once we have used the
dimer model to obtain an evaluation of all 30 coupling
constants, we propose a systematic procedure to deter-
mine the minimal set of constants that should be included
in any sensible model for the magnetic interactions in this
compound. For this purpose we consider different sets
with a decreasing number of coupling constants (obtained
by neglecting the smallest ones) and examine what is the
minimal set for which both the density of states (DOS) for
all the possible spin configurations and the ground state
are stable. Following this procedure, we have computed
the DOS for all the 218 possible spin configurations using
three different sets of constants. Figure 4 displays the

Figure 3. Labeling of the 30differentmagnetic interactions (see text): (a) nearest-neighbors interactions, (b) intra-ringnext-nearest-neighbors interactions,
(c) inter-ring next-nearest-neighbors interactions, and (d) next-next-nearest-neighbors interactions.

(58) Note that we are using periodic boundary conditions and a unit cell
with sixty atoms (V18O42), i.e., two rings. This means that when calculating
interactions as for instance JB5 associated with V3 and V1 within the unit
cell, the calculated constant includes also the coupling of V3 within the cell
and the periodic copies of V1 outside the cell. To separate these added
contributions larger unit cells should be used. However, these “additional”
contributions are very small and have practically no influence on the results.
Also note that interactions like those associated with one atom of the V18O42

unit cell and those which are equivalent by translation are not taken into
account except if using larger unit cells. Again, these interactions are very
small and practically do not affect the results.
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DOS computed using the largest 9, 12, and the complete
set of 30 coupling constants.
TheDOS computed using only the largest 9 J’s does not

match that obtained considering all 30 J’s (see Figure 4).
Moreover, the predicted lowest-energy collinear spin
configuration is different from that predicted with all
30 J’s. The largest 9 J’s include the 8 NN coupling
constants plus the interaction corresponding to JB1.

The DOS computed when the largest 12 J’s are taken
into account (8 NN+ 4 NNN) matches almost perfectly
the distribution obtained with all 30 J’s. The predicted
lowest-energy collinear spin state is also the same. There-
fore, within the dimer approximation, the magnetic proper-
ties of the nanotubular system seem to be well converged
when the largest 12 J’s are taken into consideration.

Beyond the Dimer Approximation. According to these
results, we have computed the same 12 coupling constants
from the V18 non-modeled system. The results are shown
in the third column of Table 3.
The 12 coupling constants obtained in such way are

smaller in their magnitudes than those computed with the
dimer approximation. However, the signs of the coupling
constants, that is, the nature of the exchange interaction,
are all the same except for one case, JB5. Moreover, the
relative magnitude of the different J values is the same
with the two methodologies. There are four moderately
large ferromagnetic interactions (JA8, JA9, JA6, JA7)
and four moderately large antiferromagnetic interactions
(JA4, JA1, JA5, JA3). These eight largest coupling con-
stants all correspond to NN interactions. As for the four

Table 2. Values for the 30 Coupling Constants (in cm-1) Evaluated within the
Dimer Approximation along with the Type of Interaction That Represents Each
Coupling Constanta

interaction coupling constant type

JA1 -75.2 NNe
JA2 1.5 NNe
JA3 -117.8 NNe
JA4 -195.5 NNc
JA5 -130.0 NNc
JA6 73.2 NNc
JA7 92.6 NNc
JA8 174.2 NNc
JA9 121.4 NNc
JB1 -62.9 NNN
JB2 -9.5 NNN
JB3 -29.8 NNN
JB4 -28.4 NNN
JB5 -43.4 NNN
JB6 10.4 NNN
JB7 15.7 NNN
JB8 4.4 NNN
JB9 10.8 NNN
JB10 4.2 NNN
JB11 14.5 NNN
JB12 0.6 NNN
JB13 4.1 NNN
JB14 5.3 NNN
JB15 5.1 NNN
JC1 -13.0 NNNN
JC2 -6.6 NNNN
JC3 -3.8 NNNN
JC4 -1.8 NNNN
JC5 -4.3 NNNN
JC6 0.6 NNNN

aNN: nearest-neighbors, NNN: next-nearest-neighbors, andNNNN
nex-next-nearest-neighbors; c: corner-sharing, e: edge-sharing.

Table 3. Values for the Coupling Constants (in cm-1) Evaluated Using Different Approximations (V2Ti16 or V18) along with the Most Significant Structural Parameters
Involved in the Interactions

interaction 17 JV18 12 JV18 Jdimer typea dVV (Å) VOV (deg) δ (deg)c τ (deg)d

JA1 -62.1 -64.4 -75.2 NNe 2.905 99.6b 44.2 9.1
JA3 -39.5 -25.7 -117.8 NNe 2.980 99.4b 42.3 25.1
JA4 -99.3 -97.9 -195.5 NNc 3.714 142.4 77.8 17.7
JA5 -40.7 -55.1 -130.0 NNc 3.547 136.0 76.5 20.7
JA6 76.6 70.2 73.2 NNc 3.357 117.6 21.2 17.8
JA7 75.9 91.2 92.6 NNc 3.371 120.5 21.1 16.6
JA8 163.3 154.5 174.2 NNc 3.493 133.6 64.6 57.1
JA9 84.7 88.2 121.4 NNc 3.610 132.0 65.1 56.8
JB1 -24.7 -2.9 -62.9 NNN 5.197
JB3 -15.0 -9.2 -29.8 NNN 5.180
JB4 -15.4 -37.8 -28.4 NNN 5.522
JB5 -4.7 8.4 -43.4 NNN 6.248
JB6 21.1 10.4 NNN 5.242
JB7 13.6 15.7 NNN 6.070
JB9 15.0 10.8 NNN 5.680
JB11 0.3 14.5 NNN 5.985
JC1 -7.1 -13.0 NNNN 6.123

aThe nearest-neighbors (NN) interactions are divided in two groups: edge-sharing (edge) and corner-sharing (corner). bAverage value of the two
V-O-V angles. cAngle between the two VOapical vectors.

dOVVO dihedral angle.

Figure 4. DOS for all the 218 possible spin configurations computed
considering the largest 9, 12, or the total 30 coupling constants obtained
from the dimer approximation. The zero energy corresponds to the
ferromagnetic state (S= 18/2).
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important NNN interactions, the predictions obtained
from the V18 non-modeled system show much smaller
but still non-negligible values, except for JB4. In general,
the discrepancy between the two methodologies is
more important for the antiferromagnetic couplings
(vide infra).

Structural Rationalization of the Nearest-Neighbors
CouplingConstants.The values for the coupling constants
corresponding to the NN interactions can be rationalized
with the aid of the different structural parameters
involved in the interactions. The coupling constants for
the two edge-sharing interactions (JA3, JA1) are negative
but not very large, that is, they indicate moderate anti-
ferromagnetic interactions. According to the classifica-
tion given by Plass,54 in these interactions the V(IV) ions
are arranged in a syn-orthogonal configuration. The
coupling constants for hydroxo- and alkoxo-bridged di-
nuclear V(IV) compounds with V 3 3 3V distances smaller
than 3 Å and VOV angles less than 100� are large and
negative (see A, B, and C in Table 1) as a consequence of
the direct σ overlap between the metal orbitals that bear
the unpaired electron (through-space exchange).22 The
smaller values obtained for JA3, JA1 are associated with
the loss of planarity in the syn-orthogonal configuration,
as a consequence of the unusual geometry of the nanotube
(42.3 and 44.2�, respectively, for the angle between the
VOapical vectors, δ). This loss of planarity induces a loss of
overlap between the orbitals that bear the unpaired
electron, 6, and hence a weakening of the exchange
interaction. For the remaining edge-sharingNN coupling
constant (JA2), which cannot be found within the largest
12 J’s, an increase of the V 3 3 3V distance to 3.062 Å (with
an angle of 45.3� between the VOapical vectors) is the main
reason for the very small coupling constant, but a com-
pensation between ferromagnetic and antiferromagnetic
contributions (J = JFE + JAF)

59 also plays some role.

The coupling constants for NN corner-sharing inter-
actions are antiferromagnetic (JA4, JA5) or ferromag-
netic (JA6, JA7, JA8, JA9) depending on the structural
parameters involved. For corner-sharing interactions, the
exchange interaction is transmitted by the superexchange
mechanism through the orbitals of the bridging oxygen
atom. In these cases, the V-O-V angle becomes an
important structural parameter to understand the nature
of the coupling, 7. The antiferromagnetic interactions
(JA4, JA5) are related to larger VOV angles than those
featured by the ferromagnetic interactions (JA6, JA7,
JA8, JA9): the larger the VOV angle the larger the

π overlap between the metal orbitals that bear the
unpaired electron and the p orbital of the oxo bridging
ligand, thus increasing the antiferromagnetic interaction.
The smallest VOV angles correspond to the JA6 and JA7
interactions (117.6 and 120.5�, respectively), but the
values associated with these interactions are not as large
as those for JA8 and JA9. The interactions corresponding
to these later constants are associated with large devia-
tions from coplanarity of the two adjacent VO4 planes.
Not only is the angle between the two VO vectors very
large (around 65�), but also the large dihedral OVVO
angle leads to a larger orthogonality, that is, a much
worse overlap between orbitals through the bridge, 8.
Experimental results in ball-shaped polyoxovanadates
show that single μ3-O bridges are able to mediate
antiferro- or ferromagnetic interactions depending on
the structural parameters of the bridge or the coordina-
tion sphere around the V(IV) centers.60,61 In particular,
similar strong ferromagnetic interactions mediated by
single μ3-O bridges in which the two VO4 planes are
almost orthogonal have been reported for a ball-shaped
octanuclear polyoxovanadate.61

Lowest-Energy Collinear Spin Configuration. From the
values obtained so far for the exchange coupling con-
stants, we observe that all the large antiferromagnetic
interactions are found within each nine-member ring of
the nanotube (intra-ring) whereas all the large ferromag-
netic couplings are found between the two ringswithin the
unit cell (inter-ring) in agreement with the work of
Mazurenko et al.17 As a result, we will find situations in
which the spins at some V(IV) centers are frustrated. The
lowest-energy collinear spin configuration predicted by
the chosen set of 12 J’s is the same as that predicted within
the dimer approximation. The total spin is zero, that is, it
is a spin-polarized singlet. A set of six equivalent spin
configurations with total MS = 1 lay 86 cm-1 above.
Analyzing the lowest-energy collinear spin configuration
(Figure 5), we observe that ferromagnetic interactions
between the atoms of two different rings (inter-ring) exist
because of the large positive values of JA8 and JA9. As a
consequence, the ferromagnetic interaction associated to
JA7 is frustrated. Within the rings (intra-ring), there are
some antiferromagnetic interactions between some V(IV)
ions (V2-V1) whereas some other interactions are ferro-
magnetic (V2-V3) thus frustrating the antiferromagnetic

(59) Kahn, O. Molecular Magnetism; VCH: New York, 1993.

(60) Muller, A.; Sessoli, R.; Krickemeyer, E.; Bogge, H.; Meyer, J.;
Gatteschi, D.; Pardi, L.; Westphal, J.; Hovemeier, K.; Rohlfing, R.; Doring,
J.; Hellweg, F.; Beugholt, C.; Schmidtmann,M. Inorg. Chem. 1997, 36, 5239.

(61) Hegetschweiler, K.; Morgenstern, B.; Zubieta, J.; Hagrman, P. J.;
Lima, N.; Sessoli, R.; Totti, F. Angew. Chem., Int. Ed. 2004, 43, 3436.
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interaction associated to JA5. So, for each ring there is a
total |MS| = 3/2 value with different sign that is compen-
sated to yield the singlet lowest-energy collinear spin
configuration.
Shown in Figure 6a is the band structure calculated

for this state. Every band in Figure 6a is really the
superposition of two bands, one with alpha spin and
the other with beta spin. The bands labeled with an
asterisk are pairs of e-type symmetry bands at Γwhereas
the others are of a-type symmetry. Thus, there are two
groups of nine alpha spin bands and nine beta spin
bands with the dxy orbitals of the vanadium atoms as
their major components, filled with the 18 d electrons
per repeat unit of the system. We found an electronic
gap of 0.95 eV separating the top of these dxy bands
from the next d levels, in good qualitative agreement
with the occurrence of a broad 1.2 eV band in the
experimental absorption spectrum of Na2V3O7. Despite
the well-known problems of DFT in reproducing opti-
cal gaps, we believe that this fact provides a basis for the
previous attribution9 of this feature to a vanadium d f
d transition. Mazurenko et al.17 calculated very similar
electronic energy gaps, 1.14 and 1.18 eV, although they
used the LDA + U approach and two different colli-
near magnetic configurations which according to our
calculations are 1359 and 1522 cm-1 higher in energy
than that of Figure 5. Shown in Figure 6, panels b and c,
are the partial DOS curves associated with the vana-
dium atoms of two successive V9O27 rings (black lines),
as well as the contributions of the three different types of
vanadium atoms. The three lowest pairs of bands are
mostly built from theV3 andV2 dxy orbitals but those of
V3 dominate. The V1 contribution dominates in the
upper bands, although with only one exception, there is
a more extensive mixing between the dxy orbitals of
the three different sites in these levels. The dominance of
the dxy orbital of V3 in the lower levels and that of V1 in
the upper ones is mostly a consequence of the progres-
sive increase from V3 to V1 of the antibonding interac-
tions of the vanadium dxy orbital with the basal oxygen
atoms. For instance, the average V-Obasal distance
decreases from 1.972 Å for V3 to 1.946 Å for V2
and 1.919 Å for V1, so that the stability of the associated
dxy orbital decrease in the same order.

When Should Additional Couplings Be Considered? The
set of 12 coupling constants in the complete V18 system
predicts the same lowest-energy collinear spin configura-
tion as that predicted within the V2Ti16 dimer approxima-
tion, and it provides meaningful values for the NN
coupling constants according to the structural parameters
of the bridging ligands and of the coordination sphere
of the magnetic centers. The values obtained for the
NNN coupling constants, however, do not match so
satisfactorily those obtainedwithin the dimer approxima-
tion. The absolute deviation is not very different from
that observed for the NN interactions, but their smaller
values lead to a different prediction concerning the nature
of the interaction, that is, of the sign of the coupling
constant, depending on the approximation used. Several
factors can be at the origin of this discrepancy: (a) the use
of a reduced set (12) of coupling constants, and (b) the
appropriateness of the dimer approximation. The latter
point will be discussed in the next section; let us now
consider the first point.
The coupling constants that we neglect are predicted

to be small within the dimer approximation, but there is
a large number of them, that is, a total of 18. Therefore,
the fitting of the computed energies for the different spin
configurations to 12 J’s includes in average the effect of
the 18 neglected constants. This drawback will of course
be reduced if more constants are included explicitly in
the model. If we neglect the 13 constants that are smaller
than 10 cm-1 within the dimer approximation, which are
expected to be very small (within the error of our
methodology), a total of 17 exchange parameters re-
main. Moreover, if these very small constants were
included in a model for the magnetic coupling in this
compound, there would be no reason to neglect con-
stants that couple paramagnetic centers on different
cells, leading to an over parametrization of the system.58

Now, for this set of 17 J’s, the signs of the constants are
calculated to be in agreement with those of the dimer
approximation. Moreover, the values obtained for the
larger NN coupling constants are very similar to those
found using the set of 12 J’s and the values for the other
constants (8NNN+1NNNN)match correctly those of
the dimer approximation. The lowest-energy collinear
spin configuration is computed to be the same as that
predicted for the set of 12 J’s.We have also computed the
DOS using the two sets of solutions (12 and 17 J’s, see
Figure 7). Apart from predicting the same three lowest-
energy configurations, their DOS curves match almost
perfectly in energy range, as well as in the number of
states. Therefore, we can conclude that the small set of
12 J’s is able to reproduce the predictions made by the
more complete set of 17 J’s, albeit the smaller coupling
constants do not compare so well with those obtained
with the dimer approximation. The effect of including
more coupling constants in the fitting procedure allows
for a much better matching with those constants ob-
tained with the dimer approximation because the effect
of the neglected constants is smaller.

Validity of the Dimer Approximation. The last point we
would like to address is the validity of the dimer approx-
imation. Although we have shown that it is an excellent
way to detect the important exchange interactions in

Figure 5. Schematic representation of the lowest-energy collinear spin
configuration.62

(62) The collinear spin ground state for this system is a combination of
two equivalent lowest-energy collinear spin configurations: that sketched in
figure 5 and the equivalent one in which the values of the ms for each V(IV)
center are inverted.
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complex systems, an important question remains open:
will the value of the coupling constants fitted from the
computed energies in the V18 nanotube converge to the
value predicted from the dimer approximation if all 30 J’s
are considered in the model? The answer is no. Compar-
ing the DOS computed for the V18 system (Figure 7) with
that obtained for the V2Ti16 model (Figure 4), we observe
that their shapes are very similar, but those corresponding
to the V2Ti16 model are shifted tomore negative values (the
maximum of the curve is between -500 and -1000 cm-1)
than those for the V18 system (the maximum lies around
+300 or +400 cm-1). This is a consequence of the over-
estimation of the antiferromagnetic interactions in the

dimer approximation. To assess this point, we have com-
puted some large NN coupling constants corresponding to
ferro- and antiferromagnetic interactions with a V3Ti15
model to understand the effect of increasing the number
of paramagnetic centers. We have first computed (JB1,
JA1, JA4) considering a trimer and then (JA8, JA9, JB3)
using a different trimer. The results are collected in Table 4.
The antiferromagnetic coupling constants computed

for V2Ti16 are more negative (overestimated) than those
computed for V3Ti15 or for V18 (17J). The values for
V3Ti15 are, in general, between those obtained for V2Ti16
and V18 (17J), except for JA1. The variation in the
ferromagnetic coupling constants is much smaller. Simi-
lar results were also reported for hydroxo-bridged tri-
nuclear Cu(II) complexes: the antiferromagnetic coupling
constants computed for the model Cu2Zn, in which one
Cu(II) ion is substituted by one diamagnetic Zn(II) ion,
were more negative than those obtained for the Cu3
trimer. As in the present study, the ferromagnetic cou-
pling constants were not so much affected.21

Figure 6. Bandstructure (a) andprojectedDOSof the vanadiumatomsof two successive rings (b) and (c) in the lowest-energy collinear spin configuration.
In panel b are shown the projections corresponding to the three different types of vanadium atoms. The labeling of the vanadium atoms is the same used in
Figure 2 and corresponds to that used for crystal structure determination.1 The energy zero has been taken to be that of the top occupied level.

Figure 7. DOS for the 218 possible spin configurations computed con-
sidering the largest 12 and 17 coupling constants obtained from fitting to
the computed values of the complete V18 nanotube. The zero energy
corresponds to the ferromagnetic state (S= 18/2).

Table 4. Values for Selected Coupling Constants (in cm-1) Evaluated Using
Different Approximations: V2Ti16, V3Ti15, and V18 (17J)

a

interaction V2Ti16 V3Ti15 V18 (17J)

JA1 -75.2 -54.1 -62.1
JA4 -195.5 -176.6 -99.3
JA8 174.2 171.3 163.3
JA9 121.4 112.9 84.7
JB1 -62.9 -39.1 -24.7
JB3 -29.8 -26.0 -15.0

aThe model with all paramagnetic atoms and a set of 17 relevant
coupling constants.
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Concluding Remarks

The electronic structure and spin exchange interactions in
the vanadium(IV) oxide Na2V3O7 nanotubes have been stu-
died by means of DFT calculations within the GGA approx-
imation. Concerning the exchange interactions, this system is
far from being trivial to analyze because it presents asmuch as
30 different exchange interactions in the unit cell. This is the
first time that all the important coupling constants of this
system have been computed directly from the energy differ-
ences of several spin configurations. We have found that
estimating the coupling constants using the dimer approxima-
tion, that is, using an appropriate V2Ti16 model for each
constant, albeit overestimating the antiferromagnetic interac-
tions, provides for important qualitative information. The
relative magnitude of the different interactions (important vs
negligible coupling constants), the nature of their magnetic
coupling (especially for large coupling constants), and even the
prediction of the lowest-energy collinear spin configuration
are possible using a set of V2Ti16 models. To get more
quantitative results, the coupling constants shouldbeobtained
from the computed energies of the complete system, V18 in the
present case. The values calculated from the dimer approx-
imation are a simple way to discriminate among the coupling
constants and to select the set of most important ones.
Because of the peculiar geometry of the nanotube, the NN

coupling constants are not found to be the only important
ones as assumed in previous studies. OtherNNN interactions
cannot be neglected to obtain a proper description of the
magnetic properties of the system. Previous studies of the
magnetic interactions in Na2V3O7 are found to be incorrect
with the exception of the work ofMazurenko et al.17 which is
in qualitative agreement with the present results. We have
found that the set of the 12 largest coupling constants is able
to predict the lowest-energy collinear spin configuration. To
get more meaningful values for the smaller coupling con-
stants a larger set of at least 17 J’s is necessary. In the lowest-
energy collinear spin configuration, there is a ferromagnetic

coupling between the rings (inter-ring) of the nanotube
whereas the coupling can be ferro- or antiferromagnetic
within the rings (intra-ring), resulting in two important spin
frustrated interactions.
Because of the peculiar geometry imposed by the tubular

structure, the correlation between the structure and the
strength of the different coupling constants is somewhat
involved. However, the main coupling constants follow these
trends: (a) the coupling constants for edge-sharing interac-
tions are moderate and antiferromagnetic as a result of the
loss of σ-overlap between the V dxy orbitals through the
shared edge, something resulting from the loss of planarity
imposed by the tubular shape; (b) for corner-sharing inter-
actions the coupling may be ferro or antiferromagnetic
mostly depending on the V-O-V angle: large angles favor
an antiferromagnetic coupling, whereas small angles and
large dihedral O-V-V-O angles favor ferromagnetic cou-
plings.
Finally, let us note that our procedure can be used to

analyze the magnetic properties of similar non-trivial peri-
odic systemswith many paramagnetic centers. If calculations
for the spin states of the total system are not possible, the
dimer approximation is able to provide at least useful
qualitative information on the magnetic properties of the
system.
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